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Abstract 

Let ^ be a graph family defined on a common vertex set V and let d be a 
distance defined on every graph G £ G. A set S C E is said to be a simultaneous 
metric generator for G if for every G £ G and every pair of different vertices 
u,v £ V there exists s £ S such that d(s, u) 7 ^ d(s, v). The simultaneous metric 
dimension of G is the smallest integer k such that there is a simultaneous 
metric generator for G of cardinality k. We study the simultaneous metric 
dimension of families composed by corona product graphs. Specifically, we 
focus on the case of two particular distances defined on every G £ G, namely, 
the geodesic distance do and the distance do ,2 : E x E —>■ N U {0} defined as 
t^G ,2 A, y) = min{dG A, y), 2}. 

1 Introduction 

A generator of a metric space (V, d) is a set S' C V of points in the space with 
the property that every point of X is uniquely determined by the distances from the 
elements of S. Given a simple and connected graph G = {V,E), we consider the 
function dc ■ V x V —)■ M U {0}, where dc{x,y) is the length of a shortest path 
between u and v and N is the set of positive integers. Then (E, da) is a metric space 
since dc satishes (i) dci^x, x) = 0 for all x £ V,{ii) dci^x, y) = dcidJ, x) for all x,y £ V 
and {in) dG{x,y) < dG{x,z) + dG{z,y) for all x,y, z £ V. A vertex n G E is said 
to distinguish two vertices x and y if dcivyx) 7 ^ dG{v,y). A set S' C E is said to 
be a metric generator for G if any pair of vertices of G is distinguished by some 
element of S. A minimum cardinality metric generator is called a metric basis, and 
its cardinality the metric dimension of G, denoted by dim(G). 

The notion of metric dimension of a graph was introduced by Slater in [21], where 
metric generators were called locating sets. Harary and Melter independently intro¬ 
duced the same concept in [13], where metric generators were called resolving sets. 
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The concept of adjacency generator^ was introduced by Jannesari and Omoomi 
in [15] as a tool to study the metric dimension of lexicographic product graphs. A set 
S' C Id of vertices in a graph G = (V, E) is said to be an adjacency generator for G if 
for every two vertices x,y G V — S there exists s E S such that s is adjacent to exactly 
one of X and y. A minimum cardinality adjacency generator is called an adjacency 
basis of G, and its cardinality the adjacency dimension of G, denoted by dim^(G). 
Since any adjacency basis is a metric generator, dim(G) < dim^(G). Besides, for 
any connected graph G of diameter at most two, dimA(G) = dim(G). Moreover, S 
is an adjacency generator for G if and only if S is an adjacency generator for its 
complement G. This is justified by the fact that given an adjacency generator S for 
G, it holds that for every x,y E V — S there exists s E S such that s is adjacent to 
exactly one of x and y, and this property holds in G. Thus, dim^(G) = dimA(G). 

This concept has been studied further by Fernau and Rodriguez-Velazquez in [8,9] 
where they showed that the metric dimension of the corona product of a graph of 
order n and some non-trivial graph H equals n times the adjacency dimension of H. 
As a consequence of this strong relation they showed that the problem of computing 
the adjacency dimension is NP-hard. 

As pointed out in [8,9], any adjacency generator of a graph G = {V,E) is also 
a metric generator in a suitably chosen metric space. Given a positive integer t, we 
define the distance function dG,t : R x V —)■ N U {0}, where 

dG,t{x,y) = mm{dG{x,y),t}. 

Then any metric generator for (V, dG,t) is a metric generator for (V, dG,t+i) and, as 
a consequence, the metric dimension of (V, dG,t+i) is less than or equal to the metric 
dimension of (y,dG,t)- In particular, the metric dimension of (V, dcp) is equal to 
|R| — 1, the metric dimension of (V, deg) is equal to dim^(G) and, if G has diameter 
11(G), then dG,D{G) = dG and so the metric dimension of (y,dG,D{G)) is equal to 
dim(G). Notice that when using the metric dG,t the concept of metric generator 
needs not be restricted to the case of connected graphs^. 

Let Q = {Gi, G 2 ,..., Gfc} be a family of (not necessarily edge-disjoint) connected 
graphs Gj = (R, Ei) with common vertex set R (the union of whose edge sets is 
not necessarily the complete graph). Ramirez-Cruz, Oellermann and Rodrfguez- 
Velazquez defined in [19, 20] a simultaneous metric generator for ^ as a set S' C R 
such that S is simultaneously a metric generator for each Gj. A smallest simulta¬ 
neous metric generator for ^ is a simultaneous metric basis of Q, and its cardinal¬ 
ity the simultaneous metric dimension of Q, is denoted by Sd(^) or explicitly by 
Sd(Gi, G 2 ,..., Gfc). By analogy, we defined in [18] the concept of simultaneous ad¬ 
jacency generator for Q, simultaneous adjacency basis of Q and the simultaneous 
adjacency dimension of Q, denoted by Sdyi(^) or explicitly by Sd^(Gi, G 2 ,..., GJ. 
For instance, the set {1,3,6, 7, 8} is a simultaneous adjacency basis of the family 

^Adjacency generators were called adjacency resolving sets in [15]. 

^For any pair of vertices x, y belonging to different connected components of G we can assume 
that deix, y) = 00 and so dG,t{x, y) = t for any t greater than or equal to the maximum diameter 
of a connected component of G. 


2 



Q = {Gi, G 2 , G 3 } shown in Figure 1, while the set {1, 6 , 7, 8 } is a simultaneous metric 
basis, so SdA(^) = 5 and Sd(^) = 4. 



Figure 1: The set {1,3, 6 , 7, 8 } is a simultaneous adjacency basis of {Gi,G 2 ,G 3 }, 
whereas (1, 6 , 7, 8 } is a simultaneous metric basis. 

The study of simultaneous parameters in graphs was introduced by Brigham and 
Dutton in [3], where they studied simultaneous domination. This should not be con¬ 
fused with studies on families sharing a constant value on a parameter, for instance 
the study presented in [14], where several graph families such that all members have 
a constant metric dimension are studied, enforcing no constraints regarding whether 
all members share a metric basis or not. In particular, the study of the simultane¬ 
ous metric dimension was introduced in [19,20], where the authors obtained sharp 
bounds for this invariant for general families of graphs and gave closed formulae or 
tight bounds for the simultaneous metric dimension of several specihc graph families. 
For a given graph G they described a process for obtaining a lower bound on the 
maximum number of graphs in a family containing G that has simultaneous metric 
dimension equal to dim(G). Moreover, it was shown that the problem of hnding 
the simultaneous metric dimension of families of trees is NP-hard, even when the 
metric dimension of individual trees can be efficiently computed. This suggests the 
usefulness of hnding the simultaneous metric dimension for special classes of graphs 
or obtaining good bounds on this invariant. In this paper, we obtain closed formulae 
for the simultaneous metric (adjacency) dimension of corona product graphs. In par¬ 
ticular, we show that the simultaneous adjacency dimension is an important tool for 
the study of the simultaneous metric dimension of corona product graphs. 

Throughout the paper, we will use the notation G^, Nn and Pn for 

complete graphs, complete bipartite graphs, cycle graphs, empty graphs and path 
graphs of order n, respectively. We use the notation m ~ n if m and v are adjacent 
and G = 77 if G and H are isomorphic graphs. For a vertex n of a graph G, Ng{v) 
will denote the set of neighbours or open neighbourhood of v in G, i.e. Ng{v) = (m G 
V{G) : u ~ n}. The closed neighbourhood, denoted by A^"G[n], equals Ng{v) U {n}. If 
there is no ambiguity, we will simple write N{v) or N[v]. Two vertices x,y & 
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are twins in G if iVG[a;] = Ncly] or Nc{x) = Nciy). If Nc[x] = Nc[y], they are said 
to be true twins, whereas if Nq[x) = Nciy) they are said to be false twins. We also 
define S{v) = |A^(n)| as the degree of vertex v, as well as S{G) = niint,gy(G){5(n)} 
and A(G') = niax„gy(G){h(n)}. The subgraph induced by a set S of vertices will 
be denoted by (S), the diameter of a graph will be denoted by D{G) and the girth 
by g{G). For the remainder of the paper, definitions will be introduced whenever a 
concept is needed. 

2 The simultaneous adjacency dimension: basic 
bounds and tools 

The following general bounds on SdA(^) were discussed in [18]. 

Remark 1. [18] For any family Q = {Gi, G 2 ,..., Gt} of connected graphs on a 

common vertex set V, the following results hold: 

(i) SdA(^) > max {dimA(Gi)}. 

(ii) Sd^(e?)>Sd(^?). 

(hi) Sd^(6 ;)<|i"|-1 . 

It was also shown in [18] that if Q is graph family defined on a common vertex 
set V, such that for every pair of different vertices u,v & V there exists a graph 
G E Q where u and v are twins, then SdA(^) = \V\ — 1. In particular, any family Q 
containing a complete graph or an empty graph satisfies SdA(^) = |Id| — 1. Moreover, 
since a graph and its complement have the same adjacency generators, we have that 
SdAiG) = SdAiG) = SdA(^? U G), where G = (G : G e G}. 

Let G = (V, E) be a graph and let Perm(I/) be the set of all permutations of V. 
Given a subset X C V, the stabilizer of X is the set of permutations 

iS(X) = {/ e Perm(I/) : f{x) = x, for every x G X}. 

As usual, we denote by f{X) the image of a subset X under /, he., f{X) = {f{x) : 
X G X}. 

Let G = (V, E) be a graph and let R C G be a nonempty set. For any permutation 
/ G S{B) of V we say that a graph G' = {V, E') belongs to the family GsgiG) if 
and only if Ncfx) = f{Nc{x)) for every x E B. We define the subgraph {Bg)w = 
{Ng[B], Eyf) of G, weakly induced by B, where Ng[B] = U 2 ;eBAG'[x] and is the set 
of all edges having at least one vertex in B. It was shown in [18] that {Bg)w — {Bg')w 
for any / G S{B) and any graph G' G Gbj{G). We define the graph family Gb{G), 
associated to B, as 

6b{G)^ U GbAG). 

f&S{B) 

The following result shows that, given a graph G and an adjacency basis B of 
G, we can obtaining large families of graphs having R as a simultaneous adjacency 
generator. 
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Figure 2: A subfamily 77 of ^^(C's), where B = {1,3,7}. For every Hi G 77, 
dimA(77j) = dimyi(C' 8 ) = 3. Moreover, 77 is a simultaneous adjacency basis of 77, 
so Sd/i(77) = 3. 


Theorem 2. [18] Any adjacency basis B of a graph G is a simultaneous adjacency 
generator for any family of graphs 77 C Qb{G). Moreover, ifG^H, then 

SdA(77) = dim^(G'). 

To illustrate this. Figure 2 shows a graph family 77 = {Hi, H 2 , H^, H^} C Qb{.G^), 
where B = {1, 3, 7} and Sd^(77) = dim^(C' 8 ). 


3 Results on families of corona product graphs 

Let G be a graph of order n and 77 be a graph. The corona product of G and 77, 
denoted by Go77, was defined in [10] as the graph obtained from G and 77 by taking 
one copy of G and n copies of 77 and joining by an edge each vertex from the 7-th 
copy of 77 with the 7-th vertex of G. The reader is referred to [1,2,4-12,16,17,22-25] 
for some known resnlts on corona prodnct graphs. 

In order to present onr results on the simnltaneous metric (adjacency) dimension 
of graph families composed by corona prodnct graphs, we need to introdnce some 
additional notation. For a family Q of connected non-trivial graphs dehned on a 
common vertex set V and a family 77 of non-trivial graphs dehned on a common 
vertex set V, we dehne the family 

^ O 77 = {G © 77 : G e ^ and 77 e 77}. 
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In particular, if ^ = {G}, we will use the notation G QH, whereas if H = {H}, we 
will use the notation Q Q H. 

Given G & Q and H E H, we denote by Hi = (V^', Ei) the subgraph of G Q H 
corresponding to the f-th copy of H. Notice that for any i E V the graph Hi, which 
is isomorphic to H, does not depend on G. Hence, the graphs in ^ 0 "H are dehned 

on the vertex set H U j Id' j . Analogously, for every i E V we dehne the graph 

Kiev J 


family 


n, = {H, = {v:,E,)-. HeU}. 


Also, given a set hh C V and i E V, we denote by Wi the subset of V- corresponding 
to W. To clarify this notation. Figure 3 shows the graph G 4 O {Ki U K 2 ). In the 
hgure, V = {1, 2, 3,4} and V = {a, b, c}, whereas V- = {a*, bi, q} for i E {1, 2, 3,4}. 



Figure 3: The graph G Q H, where G = G 4 and H = KiU K 2 . 


3.1 Simultaneous metric dimension 

We hrst introduce a useful relation between the metric generators of two corona prod¬ 
uct graphs with a common second factor, which allows to determine the simultaneous 
metric dimension of several families of corona product graphs through the study of 
the metric dimension of a specihc corona product graph. 

Theorem 3. Let Gi and G 2 be two connected non-trivial graphs on a common vertex 
set and let H be a non-trivial graph. Then any metric generator for Gi Q H is a 
metric generator for G 2 Q H. 

Proof. Let V be the vertex set of Gi and G 2 and let V' be the vertex set of H. We 
claim that any metric generator B for Gi O is a metric generator for G 2 O H. 


6 





To see this, we differentiate the following three cases for two different vertices x, y G 
V{G2QH)-B. 

1. X, y G V-. Since no vertex belonging to B — V- distinguishes the pair x,y in 
Gi 0 H, there must exist u & V/ H B which distinguishes them. This vertex u 
also distinguishes x and y in G 2 O H. 

2. Either x E V/ and y E V' or x = i and y E V-, where i ^ j. For these two 
possibilities we take m G i? fl Id' and we conclude that dc^QH^x^u) < 2 7^ 3 < 
dG2&H{y,u). 

3 . X = i and y = j. In this case for m G S fl we have dG2QH{x, m) = 1 7 ^ 2 < 

dG2QH{y-,u). 

In conclusion, B is a metric generator for G 2 Q H. □ 

The following result is a direct consequence of Theorem 3. 

Corollary 4. Let Q be a family of connected non-trivial graphs on a common vertex 
set and let Li he a family of non-trivial graphs on a common vertex set. Then, for 
any G E Q, 

^d{GQn) = ^d{GQV). 

The following result, obtained in [ 8 ], provides a strong link between the metric 
dimension of the corona product of two graphs and the adjacency dimension of the 
second graph involved in the product operation. 

Theorem 5. [ 8 ] For any connected graph G of order n>2 and any non-trivial graph 

H, 

dim(G Q H) = n ■ dim^(i/). 

We now present a generalisation of Theorem 5 to deal with graph families. 

Theorem 6. For any family Q composed by connected non-trivial graphs on a common 
vertex set V and any family Ft composed by non-trivial graphs on a common vertex 
set, 

sdiGen) = |i/| ■ sd^(?{). 

Proof. Throughout the proof we consider two arbitrary graphs G E Q and H E FL. 
Let Bhe a simultaneous metric basis of GqFL and let Bi = BPiVf. Clearly, BiPBj = 0 
for every i 7^ j. Since no pair of vertices x,y E Hi is distinguished by any vertex 
V E Bj, i 7 ^ j, we have that Bi is an adjacency generator for H^. Hence, the set 
B' C V corresponding to Bi C Vf is an adjacency generator for H and, since B' does 
not depend on the election of H, it is a simultaneous adjacency generator for Ft and, 
as a result. 


Sd(^?0-H) = \B\ ^ 1^1 •SdA(?^). 

iev 
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Now, let W he Si simultaneous adjacency basis of H and let Wi = W H VI- By 
analogy to the proof of Theorem 5 we see that S = Phi is a metric generator for 

iev 

G Q H. Since S does not depend on the election of G and H, it is a simultaneous 
metric generator for ^ © "H and so 

Sd{g Q'H)<\S\=J 2\V^^\ = \V\■ SdACH). 

iev 

Therefore, the equality holds. □ 

The following result is a direct consequence of Theorems 2 and 6. 

Proposition 7. Let Q be a family of eonnected non-trivial graphs on a common vertex 
set V. Let H be a non-trivial graph and let B be an adjacency basis of H. Then, for 
every TL C Qb^H) such that H El-i, 

Sd(^0 7f) = \V\-dimA{H). 

3.2 Simultaneous adjacency dimension 

Given a family Q of connected non-trivial graphs on a common vertex set V and a 
family TL of non-trivial graphs on a common vertex set. Remark 1 and Theorem 6 
lead to 

sdA{GQn)>sd{gQn) = \v\-hdAin). (i) 

Therefore, there exists an integer f{g,'H) > 0 such that 

sd^(e; Qn) = \v\- sdAin) + f{g, u). (2) 

If ^ = {G} or TL = {H}, we will use the notations f{G,'H), f{g,H) or f{G,H), 
as convenient. It is easy to check that for any simultaneous adjacency basis W olTL 

and any i E V, the set (V — {i}) U j hTj- j is a simultaneous adjacency generator 

VjGV / 

for ^ 0 , where Wj is the subset of V- corresponding to IT <ZV'. Hence, 

h<f{g,H)<\V\-l. ( 3 ) 

From now on, our goal is to determine the value of /(^,'R) under different sets 
of conditions. We begin by pointing out a useful fact which we will use throughout 
the remainder of this section. Let R be a simultaneous adjacency basis of G (DLL, 
and let Bi = B nVj. The following observation is a consequence of the fact that for 
any graph G Q H E G QTL and i eV , no vertex in B — Bi is able to distinguish two 
vertices in I//. 

Remark 8. Let G be a family of connected non-trivial graphs on a common vertex 
set V and let TL be a family of non-trivial graphs on a common vertex set V. Let 
B be a simultaneous adjacency basis of G Qj-L and let Bi = B DVf for every i E V . 
Then, Bi is a simultaneous adjacency generator for Tii. 


Now, consider the following known result where f{G, H) = 0. 

Theorem 9. [8] Let G be a connected graph of order n > 2 and let H be a non-trivial 
graph. If there exists an adjacency basis S of H, which is also a dominating set, and 
if for every v G V{H) — S, it is satisfied that S ^ Nh{v), then 

dimA(G' Q H) = n ■ diniA(-ff). 

As the next result shows, Theorem 9 can be generalised to the case of families of 
the form Q (D'H- To that end, recall the notion of simultaneous domination which, 
as we mentioned previously, was introduced in [3]. On a graph family Q, defined on 
a common vertex set V, a set M C 1/ is a simultaneous dominating set if it is a 
dominating set of every graph G & Q. 

Theorem 10. Let Q be a family of connected non-trivial graphs on a common vertex 
set V and let Li be a family of non-trivial graphs on a common vertex set V. If there 
exists a simultaneous adjacency basis B of LL which is also a simultaneous dominating 
set and satisfies B ^ Nh{v) for every H eB and every v G V', then 

sdA{g(i)n) = \v\-sdA{'H). 

Proof. By (1) we only need to show that Sdyi(^ Q Li) < \V\ ■ SdA('H). To this 
end, assume that i? is a simultaneous adjacency basis of Li which is a simultaneous 
dominating set of Li and satisfies B ^ Nh{v) for every H E Li and every v E V. 
Consider an arbitrary graph GqH E Q QB and let Bi = BnVf, for every i eV . By 
analogy to the proof of Theorem 9 we see that S' = is an adjacency generator for 

i&V 

GqH and, since S does not depend on the election of G and H, it is a simultaneous 
adjacency generator for Q QB. Thus, SdA(^ Q B) < [S'! = \V\ ■ Sd^('H), and the 
equality holds. □ 

In order to analyse special cases of Theorem 10, we introduce the following aux¬ 
iliary results. 

Lemma 11. [18] Let G be a connected graph. If D{G) > 6 or G E {Pn,Gn} for 

n > 7, or G is a graph of girth g{G) > 5 and minimum degree S{G) > 3 then for 
every adjacency generator B for G and every v E V{G), B ^ Nc{v). 

Lemma 12. [18] Let Pn and Gn be a path and a cycle graph of order n > 7. If 

n ^ 1 mod 5 and n ^ 3 mod 5, then there exist adjacency bases of Pn and Gn that 
are dominating sets. 

Lemma 13. [15] For any integer n> A, 





Proposition 14. Let Q be a family of conneeted non-trivial graphs on a common 
vertex set V. Let Pn be a path graph of order n > 7 such that n ^ 1 mod 5 and 
n ^ 3 mod 5, and let Cn be the cycle graph obtained from Pn by joining its leaves by 
an edge. Let B be an adjacency basis of Pn and Cn which is also a dominating set of 
both. Then, for every TL C QB{Pn) U GsiCn) such that Pn or Cn & Ti, 

sd^(e0'H) = li/|. Lcfl . 

Proof. The existence of 5 is a consequence of Lemma 12. Since Pn ^ TL or Cn E Ti, 
by Theorem 2 we deduce that i? is a simultaneous adjacency basis of Ti. Let V = 
V{Pn) = V{Cn). By the dehnition of Gb, we have that = V' 

vGB vGB 

or = V' for every H E Ti, so B is a dominating set of every 

v^B veB 

H ETi. Moreover, by Lemma 11, we have that B ^ Np^{v) and B ^ Nc^{v) for every 
V E V. Furthermore, by the dehnition of Gbi we have that B fl Nh{v) = B H Np^{v) 
or B n Nh{v) = B n Nq^v) for every H E Ti and every v E V, so B Nh{v) for 
every H E Ti and every v E V. In consequence, the result follows from Lemma 13 
and Theorems 2 and 10. □ 

In order to show some cases where f{G,Ti) = \V\ — 1, we present the following 
result. 

Theorem 15. Let G be a family of connected non-trivial graphs on a common vertex 
set V and let Ti he a family of non-trivial graphs on a common vertex set. If for every 
simultaneous adjacency basis B of Ti there exists H ETi where B is not a dominating 
set, then 

sdAiGQn) = \v\-sdA{n) + \v\-i. 

Proof. By (2) and (3) we have that SdA(^ QTi) < \V\ ■ Sd^('H) + \V\ — 1. It remains 
to prove that Sd^(^ QTi) > \V\ ■ Sdyi('H) + \V\ — 1. 

Let U he a simultaneous adjacency basis of ^ 0 "H, let Ui = U H Vf and let 
Uq = U nV . By Remark 8, Ui is a simultaneous adjacency generator for Pi for every 
i E V. Consider the partition {Ri, V 2 } of R dehned as 

Ri = {* e R : \Ui\ = SdAiP)} and V 2 = {t E V : \Ui\ > SdA{P) + 1}. 

For any i,j E R, i ^ j, we have that there exist a graph H E P and two vertices 
X E Vj — Ui and y eV- — Uj such that R fl Nh{x) = 0 and Uj fl Np^y) = 0. Thus, 
i E U or j E U and so |f/o| ^ |R| “ 1- conclusion, 

SdAiG QP) = |Ro| + \U^\ 

ieVi ieVi 

> (IRI - 1) + IRI • Sd^CH) + IR 2 I ■ (Sd^CH) + 1) 

= |R|-Sd^(?f) + |R|-1. 

Therefore, the result follows. □ 
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Now we treat some specific families for which the previous results hold. We hrst 
introduce an auxiliary result. 

Lemma 16. Let Pn and Cn be a path and a eyele graph of order n > 7. If n = 1 
mod 5 or n = 3 mod 5, then no adjacency basis of Pn or Cn is a dominating set. 

Proof. In Cn, consider an adjacency basis B and a path where the 

subscripts are taken modulo n. If G B and Uj+i ^ B, then {uj+i} is said to 

be a 1-gap of B. Likewise, if G B and nj+i,nj +2 ^ B, then {nj+i,nj+ 2 } is said 

to be a 2-gap of B and if Vi,Vi+i G B and Vi+i,Vi+ 2 ,Vi +3 ^ B, then {uj+i, ^*+ 2 ^ 1 + 3 } 
is said to be a 3-gap of B. Since B is an adjacency basis of Cn, it has no gaps of 
size 4 or larger and it has at most one 3-gap. Moreover, every 2- or 3-gap must be 
neighboured by two 1-gaps and the number of gaps of either size is at most dimA(Cn). 
We now differentiate the following cases for Cn'. 

1. n = 5fc -|- 1, fc > 2. In this case, by Lemma 13, dim^(C'n) = 2k, and thus 
n — dim^(C„) = 3k + 1. Since any 2-gap must be neighboured by two 1-gaps, 
any adjacency basis B of Cn has at most k 2-gaps. Now, assume that B has no 
3-gaps. Then \V{Cn) — B\ = 3k < 3k + 1 = n — \B\, which is a contradiction. 
Thus, any adjacency basis of Cn has a 3-gap, i.e. it is not a dominating set. 

2. n = 5k + 3, k > 1. In this case, by Lemma 13, dim^(C'„) = 2A; -|- 1, and 
thus n — dim^(Cn) = 3fc -|- 2. As in the previous case, any adjacency basis 
B of Cn has at most k 2-gaps. Now assume that B has no 3-gaps. Then 
\V{Cn) — B\ =3k + l<3k + 2 = n— \B\, which is a contradiction. Thus, any 
adjacency basis of Cn has a 3-gap, i.e. it is not a dominating set. 

By the set of cases above, the result holds for Cn. 

Now, let (7^ be the cycle obtained from by joining its leaves Vi and by 
an edge. Let V = V(Pn) = V{C'n) and let B be an adjacency basis of Pn. Since 
for two different vertices x,y G V, dc!^, 2 {,x,y) 7^ dp^^ 2 {x,y) if and only ii x,y G 
{vi,Vn}, if Vi,Vn G P or Vi,Vn ^ P, then P is an adjacency basis of Cn. Moreover, 
some vertex w E V — B satishes P fl Np^{w) = P fl Nc^{w) = 0, so P is not 
a dominating set of Pn. We now treat the case where Ui G P and Vn ^ B. If 
Vn-i ^ P then P is not a dominating set of P„. If Vn-i G P and V 2 ^ P, we have 
that dc>^^ 2 {v 2 ,Vn-\) = dp^^ 2 {v 2 ,Vn-i) = 2^1 = dp„, 2 (w,W-i) = dc;, 2 (w, W-i), 
whereas for any other pair of different vertices x,y G V — B there exists z E B 
such that dc^^ 2 {x,z) = dp^^ 2 {x,z) ^ dp^^ 2 {y,z) = dc^^ 2 {y,z), so P is an adjacency 
basis of C'n where {un} is a 1-gap. In consequence, some vertex w E V — {B U {un}) 
satishes P fl Np^{w) = P fl Nc^{w) = 0, so P is not a dominating set of Pn. Finally, 
if V2,Vn-i E P, then for any pair of different vertices x,y E V — B there exists 
z E B - {ui} such that dc;, 2 (x, z) = dp„, 2 (x, z) 7 ^ dp„, 2 ( 2 /, z) = dc;, 2 (|/, z),so B is an 
adjacency basis of C'n where {vn} is a 1 -gap. As in the previous case, some vertex 
w E V — {BU{vn}) satishes B r\Np^{w) = Br\Nc^{w) = 0, so P is not a dominating 
set of Pn. The proof is complete. □ 

Lemma 16 allows us to give the following result. 


11 


Proposition 17. Let Q be a family of connected non-trivial graphs on a common 
vertex set V. Let be a path graph of order n > 7, n = 1 mod 5 orn = 3 mod 5, 
and let Cn be the cycle graph obtained from Pn by joining its leaves by an edge. Let B 
be a simultaneous adjacency basis of Cn}- Then, for every family "H = "Hi U 7^2 
such that Til is composed by paths, "Hi C GB{Pn), Pn ^ TLi, Ti 2 is composed by cycles 
TL 2 C GsiCn), and Cn G 'H 2 , 


Proof. Note that B is an adjacency basis of both Pn and Cn- Since P„ G TLi and 
Cn G TL 2 , we have that P is a simnltaneous adjacency basis of "H = "Hi U 7^2 by 
Theorem 2. Moreover, since every H G TLi is a path graph and every H G 7^2 is 
a cycle we have that dim^(if) = Sd^('P) for every P G P, so every simultaneous 
adjacency basis of Ti is an adjacency basis of every H eTL and, by Lemma 16, is not 
a dominating set of H. Thus, the result follows from Theorem 15. □ 

It is worth noting that for a path graph P„ and a cycle graph C^ n > 7, n = 1 
mod 5 or n = 3 mod 5, and an adjacency basis B of both, the family GsiPn) contains 
(n — path graphs, whereas the family GsiCn) contains {n — cycle 

graphs. 

Proposition 18. Let G be a family of connected non-trivial graphs on a common 
vertex set V and let Li = {Nt U Pi, Nt U P 2 ,..., P* U Pfc}, where Nt is an empty 
graph of order t > 1 and Pi, P 2 ,..., Pfc are connected non-trivial graphs on a common 
vertex set. Then, 

Sd^(e?©P) = |l/|-SdA(P) + |P|-l. 

Proof. Consider that the common vertex set of Li has the form V = V{Nt) U V, 
where V{Nt) and V" are disjoint. Let P be a simultaneous adjacency basis of P, 
and let B" = P fl V". Consider an arbitrary graph U H G Li. The vertices 
of Nt are false twins, so V{Nt) C P if and only if there exists v G V" such that 
P n Nh{v) = 0. If such V exists, it is not dominated by P, so the result follows from 
Theorem 15. Otherwise, V(Nt) — B = {n'} and P fl Nh{v') = 0, so the result follows 
from Theorem 15. □ 

As usual, given a graph G, we denote by 7 (G) the domination number of G. 

Theorem 19. [8] Let G be a connected graph of order n > 2 and let H be a non¬ 

trivial graph. If there exists an adjacency basis of H, which is also a dominating 
set and if, for any adjacency basis S of H, there exists v E V (P) — S such that 
S P Nh{v), then 

dim/i(G Q H) = n ■ dimA(P) + 7 (G). 

The simultaneous domination number of a family G, which we will denote as 
S 7 (^), is the minimum cardinality of a simultaneous dominating set. The next result 
is a generalisation of Theorem 19 to the case of ^ © P. 


SdA{GQn) = \V\- 


2n + 2 
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Theorem 20. Let Q be a family of conneeted non-trivial graphs on a common vertex 
set V and let % he a family of non-trivial graphs on a common vertex set V. If there 
exists a simultaneous adjacency basis of LL which is also a simultaneous dominating 
set, and for every simultaneous adjacency basis B of Li there exist H E B and 
V E V — B such that B C Nh{v), then 

sdA{g(i)n) = \v\-sdA{'H) + s^{g). 

Proof. We first address the proof of SdA(^ QB) > \V\ ■ Sd^('H) + S 7 (^). Let U be 
a simultaneous adjacency basis of ^ © "H, let Ui = U O V-, and let Uq = U HV. By 
Remark 8, f/j is a simultaneous adjacency generator for Bi for every i E V. Consider 
the partition {Vi, V 2 } of V dehned as 

Vi = {iEV ■. \Ui\ = SdA{B)} and V 2 = {i E V : {Uf > SdA{B) + 1}. 

For every i eVi, the set Ui is a simultaneous adjacency basis of Bi, so there exist 
H eB and x eVI such that Ui C Nh{x), causing i and x not to be distinguished by 
any y EUi'm. any graph belonging to Q Q H. Thus, either i E Uq or for every G E G 
there exists z E Uq such that dcQH,2if) z) = 1 7^ 2 = dcQH,2{x, z). In consequence, 
V 2 U Uq must be a simultaneous dominating set of G, so IV 2 U Uq\ > S 7 (^). Finally, 


^dA{G QB) = J2\U^\ + + If^ol 

ieVi ieV2 

> (Sd^CH) + 1) + |t/o| 

ieVi ievi 

= \V\-SdA{B) + \V2\ + \UQ\ 

> \V\-SdA{B) + \V2UUQ\ 

> \V\-SdAiB) + S^iG). 

Now, let hF be a simultaneous adjacency basis of B which is also a simultaneous 
dominating set of B. Consider an arbitrary graph GqH E GQB, and let Wi = PFnl^'. 

By analogy to the proof of Theorem 19, we have that S = M u U Wi , where M 

\iGV J 

is a minimum simultaneous dominating set of G, is an adjacency generator for GqH. 
Since S does not depend on the election of G and H, it is a simultaneous adjacency 
generator for GQB. Thus, SdA{G QB) < [S'! = \V\ • Sd^('R) + S 7 (^), so the equality 
holds. □ 

Several specihc families for which the previous result holds will be described in 
Theorem 28 and Propositions 29 and 30. Now, in order to present our next result, 
we need some additional dehnitions. Let v E V{G) be a vertex of a graph G and let 
G — u be the graph obtained by removing from G the vertex v and all its incident 
edges. Consider the following auxiliary domination parameter, which is dehned in [ 8 ]: 

d'{G)= inin{ 7 (G-u)} 

v£V{G) 
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Theorem 21. [8] Let H be a non-trivial graph such that some of its adjacency bases 
are also dominating sets, and some are not. If there exists an adjacency basis S' of 
H such that for every v G V{H) — S' it is satisfied that S' ^ Nh{v), and for any 
adjacency basis S of H which is also a dominating set, there exists some v G V{H) — S 
such that S C Nh{v), then for any connected non-trivial graph G, 

diniA(G Q H) = n ■ dimA(l^) + 'y'{G). 

The following result is a generalisation of Theorem 21 to the case of G QH. 

Theorem 22. Let G be a connected graph of order n > 2 and let H be a family 
of non-trivial graphs on a common vertex set V such that some of its simultaneous 
adjacency bases are also simultaneous dominating sets, and some are not. If there 
exists a simultaneous adjacency basis B' ofB such that B' ^ Nuiy) for every H eB 
and every v E V — B', and for every simultaneous adjacency basis B of B which is 
also a simultaneous dominating set there exist H' E B and w E V — B such that 
B C Nh'{w), then 

SdA(G QB)=n- SdAiB) + 7 '(G). 

Proof. In the family G QB, we have that V = V{G). We first address the proof of 
Sd/i(G©'H) > n-SdA('H)+ 7 '(G). Let U he a simultaneous adjacency basis of GQ'H, 
let Li = t/ n Vj, and let LIq = B P\V. By Remark 8 , L* is a simultaneous adjacency 
generator for Bi for every i E V. Consider the partition {Ri, 14, L 3 } of R, where Ri 
contains the vertices i E V such that L* is a simultaneous adjacency basis of Bi but 
is not a simultaneous dominating set, R contains the vertices i E V such that Lj is 
a simultaneous adjacency basis and a simultaneous dominating set of Bi, and Rj is 
composed by the vertices i eV such that Ui is not a simultaneous adjacency basis of 
B^. 

If i, j G Ri, then there exist a graph H E B and two vertices Vi E Vj — Ui and 
Vj E V- — Uj such that Ui fl Nnivi) = 0 and Uj fl Nn^Vj) = 0. Thus, i E Uq or 
j E Uo, so \Uo n Ri| > |Ri| — 1 . If i G R2, then there exist H E B and x E Vf such 
that Ui C Nh{x). In consequence, the pair i,x is not distinguished by any y E Ui, 
so either i E Uq or there exists z eUq such that dGQH, 2 {h z) = 1 2 = dGQH, 2 {x, z). 

Therefore, at most one vertex of G is not dominated by Uq U R3, so |Lo U R3I > 'j'iG). 
Finally, 


SdAiGQB) = E wi + E m + \uo\ 

i£ViUV2 ieVs 

> Sd^CH) + 5^(SdACH) + l) + |Lo| 

iGViUV2 *GV3 

= n-SdA{B) + \V3\ + \Uo\ 

>n-SdA{B) + \V3UUo\ 

>n-hdAiB)+i{G). 

Now, let IR' be a simultaneous adjacency basis of B such that W' ^ Nh{v) for 
every H eB and every v E V — IR', and assume that for any simultaneous adjacency 
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basis W oi l-i which is also a simultaneous dominating set there exist H' E T-L and 
w E V — W such that W C Nh'{w). Let W” be one of such simultaneous adjacency 
bases of "H. Consider an arbitrary graph GqH E GqT-L, let W' = WnVl and W” = 
W'GVl. Additionally, let M be a minimum dominating set of G—n, assuming without 

loss of generality that 7 '(G') = 7 ( 1 ^ — n), and let S' = M IJ IJ | W" j . By 

yev-tn} J 

analogy to the proof of Theorem 21, we have that S is an adjacency generator for 
GqH. Since S does not depend on the election of G and if, it is a simultaneous 
adjacency generator for G QH. Thus, Sdyi(G Q H) < \S\ = n ■ SdA{H) + 7 '(G), so 
the equality holds. □ 

Consider the family {T5,C'5}, where G^ is obtained from P5 by joining its leaves 
with an edge. Assume that V{P 5 ) = V{G^) = {vi,V 2 ,V'i,VA,v^}, E{P^) = {viV 2 ,V 2 V'i, 
U 3 U 4 ,U 4 U 5 } and E{G^) = E{P^) U {uiUs}. We have that the set {^ 2 ,^ 4 } is the sole 
simultaneous adjacency basis which is also a simultaneous dominating set and U 3 
satishes {U 2 W 4 } ^ Hp^{v^) and {^ 2 ,^ 4 } C Nc^{v^). Moreover, the set {^ 1 ,^ 5 } (as 
well as {v 2 , U 3 } and {^ 3 , U 4 }) is a simultaneous adjacency basis such that every vertex 
Vx satishes Np^{vx) ^ {ui,U 5 } and Nc^ivx) ^ These facts allow us to obtain 

examples where Theorem 22 applies. For instance, for any connected graph G of 
order n > 2, we have that Sd^(G 0 {P5, C5}) = 2n + 7 '(G). 

The case where the second factor is a family of join graphs 

Given two vertex-disjoint graphs G = (l/i,Pi) and H = {V 2 ,E 2 ), the join of G and 
H, denoted by G -|- P, is the graph with vertex set V{G + H) = Vi U V 2 and edge 
set E{G + H) = El U E 2 U {uv : u E Vi.iV E V 2 }. For two graph families Q and 
P, dehned on common vertex sets Vi and V 2 , respectively, such that lA fl V 2 = 0 , we 
dehne the family 

^ + P = {G + P; GEg,HEH}. 

In particular, if ^ = {G} we will use the notation G + 1-1. To begin our presenta¬ 
tion, we introduce the following auxiliary result. 

Lemma 23. Let Q and H be two families of non-trivial graphs on common vertex 
sets Vi and V 2 , respectively. Then, every simultaneous adjacency basis ofQ + H is a 
simultaneous dominating set of Q + H. 

Proof. Let P be a simultaneous adjacency basis of ^ P, let Wi = B (1 Vi and 
IF 2 = P n lA- Since no pair of different vertices u,v E V 2 — W 2 is distinguished in 
any G-l-P E Q + H hj any vertex from Wi, we have that W 2 is a simultaneous 
adjacency generator for P and, in consequence, W 2 7 ^ 0. By an analogous reasoning 
we can see that Wi is a simultaneous adjacency generator for Q and, in consequence, 
hFi 7 ^ 0. Moreover, every vertex in Vi is dominated by every vertex in W 2 , whereas 
every vertex in V 2 is dominated by every vertex in hFi, so P is a dominating set for 
every G + H eQ + H. □ 
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The following result, presented in [18], characterizes a large number of families 
of the form Q + 'H whose simultaneous adjacency bases are formed by the union of 
simultaneous adjacency bases of Q and "H. 

Theorem 24. [18] Let Q and Li he two families of non-trivial graphs on common 

vertex sets Vi and V 2 , respectively. If there exists a simultaneous adjacency basis B 
of Q such that for every G & Q and every v eVi, B Ng{v), then 

sdA{g + n) = sdA{g) + sdA{'H). 

As discussed in the proof of Theorem 24, every simultaneous adjacency basis of a 
family Q + B satisfying the premises of the theorem is the union of a simultaneous 
adjacency basis of B and a simultaneous adjacency basis B of Q such that B ^ Ng{v) 
for every G E Q and every v eVi. 

Theorem 25. Let Q be a family of connected non-trivial graphs on a common vertex 
set V, and let B and B' he families of non-trivial graphs on common vertex sets V{ 
and Vj, respectively. If there exist a simultaneous adjacency basis B ofB that satisfies 
B ^ Nh{v) for every H E B and every v E V{, and a simultaneous adjacency basis 
B' ofB' that satisfies B' ^ Nh'{v') for every H' E B' and every v' E Vj, then 

SdA{g O (-H + B')) = |1"| • SdA{B) + |1"| • SdA{B’). 

Proof. Let B and B' be simultaneous adjacency bases of B and B', respectively, that 
satisfy the premises of the theorem, and let S = B U B'. As shown in the proof 
of Theorem 24, S' is a simultaneous adjacency basis of B B'. Moreover, since 
B ^ Nh{v) for every H E B and every v E Vfi and B' ^ Nh'{v') for every H' E B' 
and every v' E Vfi we have that S ^ Nh+h'{x) for every H + H' eB + B' and every 
X eVIU V{. Finally, by Lemma 23, we have that S is a simultaneous dominating set 
of BP Bj so SdA(^? Q{B + B')) = |1/| ■ SdA{B + B') = \V\- SdA{B) + |1/| ■ SdA{B') 
by Theorems 10 and 24. □ 

The following result is a direct consequence of Lemma 11 and Theorem 25. 

Proposition 26. Let Q be a family of connected non-trivial graphs on a common 
vertex set V. Let B be a graph family on a common vertex set Vj of cardinality 
\Vl\ > 7 such that every H E B is a path graph, a cycle graph, D{H) > 6, or 
g(i/) > 5 and S{H) > 3. Let B' he a graph family on a common vertex set Vj of 
cardinality \Vj\ > 7 satisfying the same conditions as B. Then, 

SdA{g O (-H + B')) = |P| • Sd^CH) + |P| ■ SdA{B'). 

In addition, following a reasoning analogous to that of the proofs of Propositions 14 
and 17, we obtain the following result as a consequence of Lemma 11 and Theorems 2 
and 25. 
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Proposition 27. Let Q be a family of connected non-trivial graphs on a common 
vertex set V. Let H be a graph of order n > 7 which is a path graph, or a cycle graph, 
or satisfies D{H) > 6, or g{H) > 5 and S{H) > 3. Let H' be a graph of order n' > 7 
that satisfies the same conditions as H. Let B and B' be adjacency bases of H and 
H', respectively. Then, for any pair of families TL C Qb{H) and TL' C such 

that H eTL and H' G TL', 

SdA(e; 0 CH + n')) = |P| ■ + |P| ■ dim^(i7')- 

Theorem 28. Let Q be a family of connected non-trivial graphs on a common vertex 
set V, and let TL and TL' be families of non-trivial graphs on common vertex sets 
Vj and Vj, respectively. If there exists a simultaneous adjacency basis B of TL that 
satisfies B ^ Nh{v) for every H E TL and every v G V{, and for every simultaneous 
adjacency basis B' ofTL' there exist H' eTL and v' G Vj such that B' C Nnfv'), then 

sdA{g Q{n + n')) = |p| ■ sd^(7{) + |p| • ^dA{n') + 

Proof. Let S' be a simultaneous adjacency basis of "H + TL', let IT = S' fl V{ and let 
W = S' n Vj. As discussed in the proof of Theorem 24, W and W are simultaneous 
adjacency bases of TL and TL', respectively. Since there exist H' eTL and v' G Vj such 
that W C Nnfv'), we have that S' C Nh+h'{v') for any H ETLhy the dehnition of 
the join operation. Moreover, by Lemma 23, S' is a simultaneous dominating set of 

n + n', so sdA(^i Q{n + n')) = |i/| • sdAin + w) + 87 (^ 1 ) = |p| ■ ^dAifU) + |p| • 

SdA{TL') + S 7 (^) by Theorems 20 and 24. □ 

The following results are particular cases of Theorem 28. 

Proposition 29. Let Q be a family of connected non-trivial graphs on a common 
vertex set V. Let TL be a graph family on a common vertex set V of cardinality 
\V'\ > 7 such that every H E TL is a path graph, a cycle graph, D{H) > 6, or 
g(i7) > 5 and S{H) > 3. Let Kt he a complete graph of order t >2. Then, 

SdAiQ O {K, + n)) = \V\- Sd^CH) + |P| • (f - 1) + S7(61). 

Proof. By Theorem 24, Sdyi(iLi+'H) = Sdyi('H)+f —1. Moreover, by Lemma 11, every 
simultaneous adjacency basis B oiTL satishes B ^ Nh{v) for every H eTL and every 
V E V. Furthermore, every adjacency basis of Kt has the form B' = V{Kt) — {u}, 
where v is an arbitrary vertex of Kt. Clearly, B' C Nk^v), so the result follows from 
Theorem 28. □ 

Following a reasoning analogous to that of the proofs of Propositions 14 and 17, 
we obtain the following result as a consequence of Lemma 11 and Theorems 2, 24 
and 28. 

Proposition 30. Let Q be a family of connected non-trivial graphs on a common 
vertex set V. Let H be a graph of order n >7 which is a path graph, or a cycle graph, 
or satisfies D{H) > 6, or g{H) > 5 and S{H) > 3. Let Kt be a complete graph of 
order t > 1. Let B be an adjacency basis of H. Then, for any family TL C Qb^H) 
such that H eTL, 

SdA{g O {Kt + H)) = \V\- dim^(i7) + \V\ ■ {t - 1) + Sy{g). 
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As an example of the previous result, consider an arbitrary family Q composed 
by connected non-trivial graphs on a common vertex set V, a complete graph Kf of 
order t >2, a. path graph of order n > 7, and the cycle graph Cn obtained from Pn 
by joining its leaves by an edge. For any simultaneous adjacency basis B of {Pn, Cn} 
and any family "H G Qb^Pu) U QBiCn) such that Pn & P or Cn & P, we have that 

MA{gQ{Kt + P)) = \V\- 
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